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Noise in Instruments, Circuits & Devices

Signal generator

Circuit platform

TU Delft

NanoDevices



OUTLINE of the lesson

PRINCIPLES on noise
Noise characteristics
Bandwidth vs Signal response vs Noise
Calculation of RMS in presence of 1/f noise

30 min

SOURCES of noise
Resistors and capacitors
Dielectric noise spectrum and RMS 15 min



NOISE CHARACTERISTICS 
- Mean Value  -

s(t)

n(t)Expected
value Distribution (∼ gaussian) of the 

amplitudes of the noise
fluctuations

[V(t)]

0 p[V]

Mean value s(t)

Noise average value 𝑛𝑛 (𝑡𝑡)=0



s(t)

n(t)Expected
value [V(t)]

NOISE CHARACTERISTICS 
- Standard deviation -

n(t) s(t)

Mean of the SQUARE

𝑛𝑛2(𝑡𝑡)

63% of the area

σ oppure RMS

Root Mean Square

𝑛𝑛2(𝑡𝑡) =  σ

(or Standard Deviation)
– same dimension of the signal -

n2(t)

SQUARE



s(t)

n(t)Expected
value

NOISE CHARACTERISTICS 
- Noise Power -

n(t) s(t)

n2(t)

SQUARE

[V]2 or  [I]2 : POWER of the Noise

MEAN power of the Noise 𝑛𝑛2(𝑡𝑡) =  σ2



s(t)

n(t)Expected
value

NOISE CHARACTERISTICS 
- Power spectral density -

∆f

f0

Bandpass filter

f
T 1
≅

Amplitude & phase
of noise components

varies casually
with time

𝑛𝑛𝑓𝑓𝑓𝑓2 (𝑡𝑡)SQUARE

Average POWER of each (∆f=1Hz) 

single frequency of noise 𝑛𝑛𝑓𝑓𝑓𝑓2 (𝑡𝑡)

𝑛𝑛𝑓𝑓𝑓𝑓(𝑡𝑡)

POWER SPECTRAL DENSITY  :  𝑆𝑆 𝑓𝑓0 ≡ 𝑛𝑛𝑓𝑓𝑓𝑓2 (𝑡𝑡) 𝑉𝑉2

𝐻𝐻𝐻𝐻
or  𝐼𝐼2

𝐻𝐻𝐻𝐻

that is



NOISE CHARACTERISTICS 
- Power spectrum -

𝑆𝑆 𝑓𝑓0

f𝑆𝑆(
𝑓𝑓)

𝑉𝑉
2

𝐻𝐻
𝐻𝐻

or
  

𝐼𝐼2 𝐻𝐻
𝐻𝐻
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Frequency [Hz]

White noise

1/f noise f noise



NOISE CHARACTERISTICS 
- Noise vs Bandwidth -

�
0

∞
𝑆𝑆 𝑓𝑓 𝑑𝑑𝑓𝑓

f𝑆𝑆(
𝑓𝑓)

𝑉𝑉
2

𝐻𝐻
𝐻𝐻

or
  

𝐼𝐼2 𝐻𝐻
𝐻𝐻

The Power of all
noise components 𝑛𝑛2(𝑡𝑡)= The Power of the noise

as «seen» in time

The area below the Power Spectrum
is the Power of the noise



NOISE  vs  BANDWIDTH
𝑆𝑆(
𝑓𝑓)

𝑉𝑉
2

𝐻𝐻
𝐻𝐻

f

Large bandwidth s(t)
Large
RMS 
noise

If white noise : S(f) � BW = 𝑛𝑛(𝑡𝑡)2 = RMSnoise

𝑆𝑆(
𝑓𝑓)

𝑉𝑉
2

𝐻𝐻
𝐻𝐻

f

Small bandwidth s(t)
Small
RMS
noise

To obtain small noise, reduce the bandwidth as much as possible But …



𝑆𝑆(
𝑓𝑓)

𝑉𝑉
2

𝐻𝐻
𝐻𝐻

Large bandwidth Large 
rms

noise

BANDWIDTH  vs  SIGNAL RESPONSE 

τ

fp =
1

2π � 𝛕𝛕

Fast response
𝑆𝑆(
𝑓𝑓)

𝑉𝑉
2

𝐻𝐻
𝐻𝐻

f

Small
bandwidth Small 

rms
noise

τ

fp =
1

2π � 𝛕𝛕

Slow response

NEVER  USE  MORE  BANDWIDTH  THAN  REQUIRED by the SIGNAL



𝑆𝑆(
𝑓𝑓)

𝑉𝑉
2

𝐻𝐻
𝐻𝐻

Large bandwidth Large 
rms

noise

BANDWIDTH  vs  Time AVERAGING

fp =
1

2π � 𝛕𝛕

Fast response

Short time for averaging
the noise fluctuations Bad

𝑆𝑆(
𝑓𝑓)

𝑉𝑉
2

𝐻𝐻
𝐻𝐻

f

Small
bandwidth Small 

rms
noise

fp =
1

2π � 𝛕𝛕

Slow response

Long time for averaging
the noise fluctuations Good

AVERAGE  AS  LONG  AS  YOU  CAN
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Frequency  [Hz]

If BW = 10 kHz

σnoise = 1 pA

0.1 ms rise time

1 s

Drawings not to scale

10

If BW = 10 Hz 

σnoise = 30 fA

0.1 s rise time
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NOISE  vs  BANDWIDTH  vs  SIGNAL
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/√

Hz
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NOISE CHARACTERISTICS 
- Limits in frequency -

f𝑆𝑆(
𝑓𝑓)

𝑉𝑉
2

𝐻𝐻
𝐻𝐻

or
  

𝐼𝐼2 𝐻𝐻
𝐻𝐻

AC coupling
or

limited time of the measurement
or

instrument reset

Noise is not ∞ (bandwidth is always limited) thanks to : 

Limited bandwidth of the 
circuit/instrument



Electronic noise increases at
low frequency (traps, 
mobility fluctuations, …

Mechanical vibrations
Thermal fluctuations Nanobubbles, mobile charges on 

the surface of nanopore ?

Bio-physical instability

Because of 1/f , area of spectrum increases  ⇒ more noise !
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No
ise

 (p
A/

sq
rt(

Hz
))

Frequency (Hz)

LOW FREQUENCY NOISE

Current noise from glass nanopores

Lesson on 
Friday



RMS of 1/f NOISE power spectrum

�
𝑓𝑓𝐿𝐿

𝑓𝑓𝐻𝐻 𝐴𝐴
𝑓𝑓
𝑑𝑑𝑓𝑓 = 𝐴𝐴 � 𝑙𝑙𝑛𝑛

𝑓𝑓𝐻𝐻
𝑓𝑓𝐿𝐿

Log (f)
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𝐻𝐻
𝐻𝐻

White noise

noise
f noise

A
f

fL
fH =100Hz 

1 minute  (60s)    fL≅ 1/60 Hz      → =A⋅9   → rms = √A ⋅ 3 𝑛𝑛2(𝑡𝑡)

1 hour (3600s)    fL≅ 1/3600 Hz  → =A⋅13 → rms = √A ⋅ 3.6 𝑛𝑛2(𝑡𝑡)

1 day  (86400s)   fL≅ 1/86400 Hz  → =A⋅16 → rms = √A ⋅ 4 𝑛𝑛2(𝑡𝑡)

Noise does not increase much in extending measurement time



Noise corner frequency and RMS 

�
𝑓𝑓𝐿𝐿

𝑓𝑓𝐻𝐻
𝑆𝑆(𝑓𝑓)𝑑𝑑𝑓𝑓 ≅ 𝐴𝐴 � 𝑙𝑙𝑛𝑛

𝑓𝑓𝑐𝑐
𝑓𝑓𝐿𝐿

+ 𝐵𝐵 � 𝑓𝑓𝐵𝐵𝐵𝐵

fBW= 1MHz   → 𝑛𝑛2(𝑡𝑡) = 0.9⋅10-12  +  100⋅10-12 [V2]   → rms =10µV

fcorner=1kHz 

A=100.10-15 [V2]
B=(10nV/√Hz)2

fBW= fc= 1kHz   → 𝑛𝑛2(𝑡𝑡) = 0.9⋅10-12 +  0.1⋅10-12 [V2]   → rms =1µV

fBW= 10 Hz   → 𝑛𝑛2(𝑡𝑡) = 0.5⋅10-12  +  0.001⋅10-12 [V2]   → rms =0.7µV

Log (f)

Po
w

er
de
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ity

𝑉𝑉
2

𝐻𝐻
𝐻𝐻

White noise

noise corner
A
f

fL=0.1Hz fBW

B

Longer averaging below fcorner does not reduce RMS noise



Summary

Log (f)
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ity

𝑉𝑉
2

𝐻𝐻
𝐻𝐻

White noise

f noise
noise

A
f

Big area 
⇓

contributes a lot to RMS noise

Smaller area 
⇓

contributes less to RMS noise

Do not forget that horizontal axis is logaritmic !



SOURCES of NOISE : RESISTORS

R

Thermally
activated
Brownian
motion of the 
carriers

Voltage 
across R 
fluctuates

V(t) = 0

R

𝑆𝑆 𝑓𝑓 = 4𝑘𝑘𝑘𝑘𝑘𝑘

fS(
f)

V2 H
z

White noise

k =Boltzmann const.
kT/q=Vth=25mV at
T=300K

White noise value is independent
of the amount of current flowing

1/f noise

Hooge’s empirical relation
𝑆𝑆𝑖𝑖 𝑓𝑓 ≈

𝛼𝛼
𝑁𝑁𝑓𝑓 𝐼𝐼

2

The case of a homogeneous resistor:

N = number of free charge carriers (not concentration)
α = Hooge parameter

𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁 = 𝑁𝑁𝑛𝑛,𝑎𝑎𝑎𝑎𝑎𝑎
2 +

4𝑘𝑘𝑘𝑘

𝑘𝑘𝑠𝑠𝑠𝑠𝑛𝑛𝑠𝑠𝑓𝑓𝑠𝑠
+

𝛼𝛼

𝑁𝑁𝑓𝑓

𝑉𝑉𝑏𝑏𝑖𝑖𝑎𝑎𝑠𝑠
𝑘𝑘𝑠𝑠𝑠𝑠𝑛𝑛𝑠𝑠𝑓𝑓𝑠𝑠

2



C Rdis= ∞

Y

Yre=1/Rdis

Yim=ωC

Ideal 
dielectric

A capacitor with 
an ideal dielectric (air) has
an ideal equivalent circuit.

Vac

Iac=VacY

SOURCES of NOISE : CAPACITORS

Capacitors are considered noiseless

Admittance Yim proportional to frequency



Real capacitor : dielectric noise
ht

tp
://

w
w

w.
la

m
bi

en
t.c
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/

AC signal forces a 
dipole rotation 

energy dissipation

C Rdis

dissipation proportional 
to frequency

Y

Yre=1/Rdis

Yim=ωC δ

Both
should stretch the same way !



Real capacitor : dielectric noise
An AC signal implies 

a dipole rotation 

energy dissipation

C Rdis

Y

Yre=1/Rdis

Yim=ωC δ
disR
kT4

often called “Dissipation factor” Increases with frequency !



Dielectric noise
Dissipation factor, tan(δ): PCB (FR4): 2∙10-2 

Ceramic : 10-3

Teflon: 10-4 – 10-5

Example :  1cm x 1cm of PCB    → C= 2.6pF

10 100 1k 10k 100k 1M
100a

1f

10f

100f
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t(H
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]

IDC= 0

 

 

Frequency [Hz]

CIN= 1pF
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In conclusion …
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NEVER  USE  MORE  BANDWIDTH  THAN  REQUIRED by the SIGNAL

Signal bandwidth
(Physical limits of the sensor)

THINGS to REMEMBER (1)

Amplifier bandwidth
(sets the noise level)
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noise corner

A
f

�
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𝑓𝑓𝐻𝐻
𝑆𝑆(𝑓𝑓)𝑑𝑑𝑓𝑓 ≅ 𝐴𝐴 � 𝑙𝑙𝑛𝑛
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+ 𝐵𝐵 � 𝑓𝑓𝐵𝐵𝐵𝐵

fL=0.1Hz fBW

B

NO ADVANTAGE IN GOING BELOW THE CORNER FREQUENCY

THINGS to REMEMBER (2)
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THINGS to REMEMBER (3)

MATERIALS  PLAY  A  ROLE IN  ULTIMATE PERFORMANCE
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Frequency [Hz]

CIN= 1pF



What is next ?



… small bandwidth at high frequency

f

N
oi

se
S(

f)

Small bandwidth
Small noise

Also signal should
be here

Tomorrow lessons
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